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GEOMETRIC FLOW ON COMPACT LOCALLY CONFORMALLY
KA¨HLER MANIFOLDS
YOSHINOBU KAMISHIMA AND LIVIU ORNEA
Abstract. We study two kinds of transformation groups of a compact locally confor-
mally Ka¨hler (l.c.K.) manifold. First we study compact l.c.K. manifolds by means of the
existence of holomorphic l.c.K. flow (i.e., a conformal, holomorphic flow with respect to
the Hermitian metric.) We characterize the structure of the compact l.c.K. manifolds with
parallel Lee form. Next, we introduce the Lee-Cauchy-Riemann (LCR) transformations
as a class of diffeomorphisms preserving the specific G-structure of l.c.K. manifolds. We
show that compact l.c.K. manifolds with parallel Lee form admitting a C∗ flow of LCR
transformations are rigid: it is holomorphically isometric to a Hopf manifold with parallel
Lee form.
1. Introduction
Let (M, g, J) be a connected, complex Hermitian manifold of complex dimension n ≥ 2.
We denote its fundamental 2-form by ω; it is defined by ω(X, Y ) = g(X, JY ). If there
exists a real 1-form θ satisfying the integrability condition
dω = θ ∧ ω with dθ = 0
then g is said to be a locally conformally Ka¨hler (l.c.K.) metric. A complex manifold M
endowed with a l.c.K. metric is called a l.c.K. manifold. The conformal class of a l.c.K.
metric g is said to be a l.c.K. structure on M . The closed 1-form θ is called the Lee form
and it encodes the geometric properties of such a manifold. The vector field θ♯, defined by
θ(X) = g(X, θ♯), is called the Lee field.
The purpose of this paper is to study two kinds of transformation groups of a l.c.K.
manifold (M, g, J). We first consider Autl.c.K.(M), the group of all conformal, holomorphic
diffeomorphisms. We discuss its properties in §2. A holomorphic vector field Z on (M, g, J)
generates a 1-dimensional complex Lie group C. (The universal covering group of C is C.)
We call C a holomorphic flow on M .
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Definition 1.1. If a holomorphic flow C (resp. holomorphic vector field Z) belongs to
Autl.c.K.(M) (resp. Lie algebra of Autl.c.K.(M)), then C (resp. Z) is said to be a holomorphic
l.c.K. flow (resp. holomorphic l.c.K. vector field).
A nontrivial subclass of l.c.K. manifolds is formed by those (M, g, J) having parallel Lee
form w.r.t. the Levi-Civita connection ∇g (i.e. ∇gθ = 0). We observe that a compact non-
Ka¨hler l.c.K. manifold (M, g, J) with parallel Lee form θ supports a holomorphic vector
field Z = θ♯ − iJθ♯ which generates holomorphic isometries of g. (Compare [17],[18],[5].)
We shall prove that the converse is also true:
Theorem A. Let (M, g, J) be a compact, connected, l.c.K. non-Ka¨hler manifold, of com-
plex dimension at least 2. If Autl.c.K.(M) contains a holomorphic l.c.K. flow, then there
exists a metric with parallel Lee form in the conformal class of g.
Corollary A1. With the same hypothesis, M admits a l.c.K. metric with parallel Lee form
if and only if it admits a holomorphic l.c.K. flow.
In §3, we discuss the existence of l.c.K. metrics with parallel Lee form on the Hopf
manifold. (Compare with [6]). Let Λ = (λ1, . . . , λn) with the λi’s complex numbers
satisfying 0 < |λn| ≤ · · · ≤ |λ1| < 1. By a primary Hopf manifold MΛ of type Λ we
mean the compact quotient manifold of Cn − {0} by a subgroup ΓΛ generated by the
transformation (z1, . . . , zn) 7→ (λ1z1, . . . , λnzn). Note that a primary Hopf manifold of
type Λ of complex dimension 2 is a primary Hopf surface of Ka¨hler rank 1. We prove the
following:
Theorem B. The primary Hopf manifold MΛ of type Λ supports a l.c.K. metric with
parallel Lee form.
More generally, we prove the existence of a l.c.K. metric with parallel Lee form on the
Hopf manifold (cf. Theorem 3.1).
In the second half of the paper we adopt the viewpoint of G-structure theory in order to
study a non-compact, non-holomorphic, transformation group of a compact l.c.K. manifold
(M, g, J). Locally, the 2-form ω defines the real 1-forms θ, θ◦J and (n−1) complex 1-forms
θα and their conjugates θ¯α, where θ ◦ J is called the anti-Lee form and is defined by θ ◦
J(X) = θ(JX). We consider the group AutLCR(M) of transformations ofM preserving the
structure of unitary coframe fields F = {θ, θ◦J, θ1, . . . , θn−1, θ¯1, . . . , θ¯n−1}. More precisely,
an element f of AutLCR(M) is called a Lee-Cauchy-Riemann (LCR) transformation if it
satisfies the equations:
f ∗θ = θ,
f ∗(θ ◦ J) = λ · (θ ◦ J),
f ∗θα =
√
λ · θβUαβ + (θ ◦ J) · vα,
f ∗θ¯α =
√
λ · θ¯βUαβ + (θ ◦ J) · vα.
Here λ is a positive, smooth function, and vα ∈ C, Uαβ ∈ U(n − 1) are smooth functions.
Obviously, if I(M, g, J) is the group of holomorphic isometries, then both Autl.c.K.(M) and
AutLCR(M) contain I(M, g, J).
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As the main result of this part we exhibit the rigidity of compact l.c.K. manifolds under
the existence of a non-compact LCR flow:
Theorem C. Let (M, g, J) be a compact, connected, l.c.K. non-Ka¨hler manifold of com-
plex dimension at least 2, with parallel Lee form θ. Suppose thatM admits a closed subgroup
C
∗ = S1×R+ of Lee-Cauchy-Riemann transformations whose S1 subgroup induces the Lee
field θ♯. Then M is holomorphically isometric, up to scalar multiple of the metric, to the
primary Hopf manifold MΛ of type Λ.
2. Locally conformally Ka¨hler transformations
Proposition 2.1. Let (M, g, J) be a compact l.c.K. manifold with dimCM ≥ 2. Then
Autl.c.K.(M) is a compact Lie group.
Proof. Note that Autl.c.K.(M) is a closed Lie subgroup in the group of all conformal dif-
feomorphisms of (M, g). If Autl.c.K.(M) were noncompact, then by the celebrated result
of Obata and Lelong-Ferrand ([14], [13]), (M, g) would be conformally equivalent with the
sphere S2n, n ≥ 2. Hence M would be simply connected. It is well known that a com-
pact simply connected l.c.K. manifold is conformal to a Ka¨hler manifold (cf. [5]), which is
impossible because the sphere S2n has no Ka¨hler structure.
From now on, we shall suppose that the l.c.K. manifolds we work with are compact, non-
Ka¨hler and, moreover, the Lee form is not identically zero at any point of the manifold.
In particular, these manifolds are not simply connected (cf. [5]). Given a l.c.K. manifold
(M, g, J), let M˜ be the universal covering space of M , let p : M˜ → M be the canonical
projection and denote also by J the lifted complex structure on M˜ . We can associate to
the fundamental 2-form ω a canonical Ka¨hler form on M˜ as follows. Since the lee form θ
is closed, its lift to M˜ is exact, hence p∗θ = dτ for some smooth function τ on M˜ . We put
h = e−τ · p∗g (resp. Ω = e−τ · p∗ω). It is easy to check that dΩ = 0, thus h is a Ka¨hler
metric on (M˜, J). In particular g is locally conformal to the Ka¨hler metric h (compare
with [5] and the bibliography therein). Let f ∈ Autl.c.K.(M). By definition, f ∗ω = eλ · ω
for some function λ on M . Differentiate this equality to yield that (f ∗θ− θ+ dλ)∧ ω = 0.
As ω is nondegenerate and dimC M > 1, f
∗θ = θ + dλ. Since p∗θ = dτ , for any lift f˜ of f
to M˜ we have df˜ ∗τ = d(τ + p∗λ), thus −f˜ ∗τ + p∗λ = −τ + c for some constant c. We can
write f˜ ∗Ω = ec · Ω. If c 6= 0, f˜ is a holomorphic homothety w.r.t. h; when c = 0, f˜ will be
an isometry.
We denote by H(M˜,Ω, J) the group of all holomorphic, homothetic transformations of
the universal cover M˜ w.r.t. the Ka¨hler structure (h, J). If f1, f2 ∈ H(M˜,Ω, J), there
exists some constant ρ(fi) (i = 1, 2) satisfying f
∗
i Ω = ρ(fi) ·Ω as above. It is easy to check
that ρ(f1 ◦ f2) = ρ(f1) · ρ(f2). We obtain a continuous homomorphism:
ρ : H(M˜,Ω, J)−→R+.(2.1)
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Let π1(M) be the fundamental group of M . Then we note that π1(M) ⊂ H(M˜,Ω, J). For
this, if γ ∈ π1(M), then γ∗Ω = e−γ∗τ · γ∗p∗ω = e−γ∗τ · p∗ω = e−γ∗τ+τ · Ω. Since Ω is a
Ka¨hler form (n ≥ 2), e−γ∗τ+τ must be constant ρ(γ).
Let C be a holomorphic l.c.K. flow on M . If we denote C˜ a lift of C to M˜ , then C˜ ⊂
H(M˜,Ω, J). If V is a vector field which generates a one-parameter subgroup of C˜, then
so does JV such as V and JV together generate C˜. We define a smooth function s :
M˜ → R to be s(x) = Ω(JVx, Vx). Since C˜ centralizes each element γ of π1(M), it follows
that s(γx) = Ω(JVγx, Vγx) = Ω(γ∗JVx, γ∗Vx) = ρ(γ)s(x). If every element γ satisfies that
ρ(γ) = 1, i.e., γ∗Ω = Ω, then π1(M) acts as holomorphic isometries of h so that Ω would
induce a Ka¨hler structure on M . By our hypothesis, this does not occur. There exists at
least one element γ such that ρ(γ) 6= 1. In particular, we note that:
The function s is not constant on M˜.(2.2)
On the other hand, we prove the following lemma. (The proof of the lemma is almost same
as that of [9].)
Lemma 2.1. ρ(C˜) = R+, i.e., the group C˜ acts by holomorphic, non-trivial homotheties
w.r.t. the Ka¨hler metric h on M˜ .
Proof. Suppose that ρ(C˜) = {1}. Then C˜ leaves Ω invariant. As {V, JV } generates C˜, it
follows that LVΩ = LJVΩ = 0. In particular, V s = (JV )s = 0. For any distribution D on
M˜ , denote by D⊥ the orthogonal complement to D w.r.t. the metric h where h(X˜, Y˜ ) =
Ω(JX˜, Y˜ ). Since 0 = (LVΩ)(JV, X˜) = V Ω(JV, X˜) − Ω([V, JV ], X˜) − Ω(JV, [V, X˜ ]), if
X˜ ∈ {V, JV }⊥, then Ω(JV, [V, X˜ ]) = 0, similarly Ω(V, [JV, X˜ ]) = 0. The equality
0 = 3dΩ(X˜, V, JV ) = X˜Ω(V, JV )− V Ω(X˜, JV ) + JV Ω(X˜, V )
− Ω([X˜, V ], JV )− Ω([V, JV ], X˜)− Ω([JV, X˜ ], V )
implies that X˜Ω(V, JV ) = 0, i.e., X˜s = 0 for any X˜ ∈ {V, JV }⊥. Therefore, s becomes
constant, being a contradiction to (2.2).
2.1. The submanifold W and its pseudo-Hermitian structure. As Ker ρ has one
dimension, denote by −Jξ the vector field whose one-parameter subgroup {ψt}t∈R acts as
holomorphic isometries on M˜ .
ψ∗tΩ = Ω, t ∈ R.(2.3)
Since −Jξ and ξ together generate the group C˜, the 1-parameter subgroup {ϕt}t∈R gener-
ated by ξ acts as nontrivial holomorphic homotheties w.r.t. Ω by Lemma 2.1. In particular,
the group {ϕt}t∈R is isomorphic to R. Since ϕ∗tΩ = ρ(ϕt) · Ω (t ∈ R, ρ(ϕt) ∈ R+) from
(2.1) and ρ is a continuous homomorphism, ρ(ϕt) = e
at for some constant a 6= 0. We may
normalize a = 1 so that:
ϕ∗tΩ = e
t · Ω, t ∈ R.(2.4)
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Lemma 2.2. The group {ϕt}t∈R acts properly and hence freely on M˜ . In particular, ξ 6= 0
everywhere on M˜ .
Proof. Recall that C lies in Autl.c.K.(M) by definition. As Autl.c.K.(M) is a compact Lie
group, its closure C in Autl.c.K.(M) is also compact and so isomorphic to a k-torus (k ≥ 2).
Therefore, the lift H of C to M˜ acts properly on M˜ . The lift H is isomorphic to Rℓ × Tm
where ℓ+m = k. Note that ℓ ≥ 1 because ρ maps any compact subgroup of H to {1}, but
the group {ϕt}t∈R ⊂ H satisfies ρ({ϕt}) = R+. Hence the group {ϕt}t∈R has a nontrivial
summand in Rℓ which implies that {ϕt}t∈R is closed in H . Thus, the group {ϕt}t∈R acts
properly on M˜ . If we note that {ϕt}t∈R is isomorphic to R, then it acts freely on M˜ .
Proposition 2.2. Let s : M˜ → R be the smooth map defined as s(x) = Ω(Jξx, ξx). Then
1 is a regular value of s, hence s−1(1) is a codimension one, regular submanifold of M˜ .
Proof. As ϕt is holomorphic, s(ϕtx) = Ω(Jξϕtx, ξϕtx) = Ω(ϕt∗Jξx, ϕt∗ξx) = e
t · s(x). Hence,
Lξs = lim
t→0
ϕ∗ts− s
t
= s.
We note also that
LξΩ = Ω.(2.5)
By Lemma 2.2, notice that ξ 6= 0 everywhere on M˜ . Since s(x) 6= 0, s−1(1) 6= ∅. For
x ∈ s−1(1), ds(ξx) = (Lξs)(x) = s(x) = 1. This proves that ds : TxM˜ → R is onto and so
s−1(1) is a codimension one smooth regular submanifold of M˜ .
Let now W = s−1(1). We can prove:
Lemma 2.3. The submanifold W is connected and the map H : R×W → M˜ , defined by
H(t, w) = ϕtw is an equivariant diffeomorphism.
Proof. Let W0 be a component of s
−1(1) and R ·W0 be the set {ϕtw ; w ∈ W0, t ∈ R}. As
R = {ϕt} acts freely and s(ϕtx) = ets(x), we have ϕtW0∩W0 = ∅ for t 6= 0. Thus R·W0 is an
open subset of M˜ . We prove that it is also closed. Let R ·W0 be the closure of R ·W0 in M˜ .
We choose a limit point p = limϕtiwi ∈ R ·W0. Then s(p) = lim s(ϕtiwi) = lim etis(wi) =
lim eti . Put t = log s(p), then t = lim ti, so ϕ
−1
t (p) = limϕ
−1
ti
(limϕtiwi) = limwi. Since
s−1(1) is regular (i.e. closed w.r.t. the relative topology induced from M˜), its component
W0 is also closed. Hence ϕ
−1
t p ∈ W0. Therefore p = ϕt(ϕ−1t p) ∈ R ·W0, proving that R ·W0
is closed in M˜ . In conclusion, R ·W0 = M˜ . Now, if W1 is another component of s−1(1),
the same argument shows R ·W1 = M˜ . As R ·W0 = R ·W1 and s(W1) = 1, this implies
W0 = W1, in other words W is connected.
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Let i : W → M˜ be the inclusion and π : M˜ → W be the canonical projection. Define a
1-form η on W to be
η = i∗ιξΩ.(2.6)
Here ιξ denotes the interior product with ξ. We have from § 2.1 that:
dψt
dt
(x)|t=0 = −Jξx.(2.7)
Using (2.3), s(ψtw) = s(w) = 1 (w ∈ W ) so that the group {ψt}t∈R leaves W invariant.
Hence, the vector field −Jξ restricts to a vector field A to W . If {ψ′t}t∈R is the one-
parameter subgroup generated by A, then
ψt = i ◦ ψ′t.(2.8)
Lemma 2.4. The 1-form η is a contact form on W for which A is the characteristic vector
field (Reeb field).
Proof. First note that η(Aw) = ιξΩ(−Jξw) = Ω(Jξw, ξw) = s(w) = 1 (w ∈ W ). Moreover,
from (2.5), dη = i∗dιξΩ = i
∗(dιξΩ + ιξdΩ) = i
∗LξΩ = i∗Ω. Hence, η ∧ dηn−1 6= 0 on W
showing that η is a contact form. Noting (2.3), (2.8) and that both ϕt and ψθ commutes
each other, it is easy to see that
ψ′
∗
t ιξΩ = ιξΩ on M˜.
ψ′
∗
tη = η on W.
(2.9)
Let Null η = {X ∈ TW | η(X) = 0} be the contact subbundle. Since LAη(X) = Aη(X)−
η([A,X ]) and LAη = 0 from (2.9), if X ∈ Null η, then η([A,X ]) = 0. Moreover,
dη(A,X) =
1
2
(Aη(X) −Xη(A)− η([A,X ])) = 0, which implies that dη(A,X) = 0 for all
X ∈ TW , showing that A is the characteristic vector field.
Recall that R→ M˜ π→ W is a principal fiber bundle with TR =< ξ >. By Lemma 2.3,
each point x ∈ M˜ can be described uniquely as x = ϕtw. Using (2.8),
π ◦ ψθ(x) = π ◦ ψθ(ϕtw) = π ◦ ϕt(ψθw)
= π ◦ iψ′θ(w) = ψ′θ(w) = ψ′θ ◦ π(x),
(2.10)
hence, π∗(−Jξ) = A. As i∗π∗Xx − Xx = a · ξx for some function a, using (2.6), π maps
{ξ, Jξ}⊥ isomorphically onto Null η. Since {ξ, Jξ}⊥ is J-invariant, there exists an almost
complex structure J on Null η such that the following diagram is commutative:
{ξ, Jξ}⊥ π∗−−−→ Null ηyJ
yJ
{ξ, Jξ}⊥ π∗−−−→ Null η.
(2.11)
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Proposition 2.3. The pair (η, J) is a strictly pseudoconvex, pseudo-Hermitian structure
on W˜ .
Proof. Let Ψ : Null η × Null η→R be the bilinear form defined by Ψ(X, Y ) = dη(JX, Y ).
There exist X˜, Y˜ ∈ {ξ, Jξ}⊥ such that π∗X˜ = X , π∗Y˜ = Y . Then it is easy to see
that i∗JX ≡ JX˜, i∗Y ≡ Y˜ mod ξ. Using dη = i∗Ω as above, Ψ(X, Y ) = i∗Ω(JX, Y ) =
Ω(JX˜, Y˜ ) = h(X˜, Y˜ ), hence Ψ is positive definite. By definition, η is strictly pseudo-
convex. Let {ξ, Jξ}⊥ ⊗ C = B1,0 ⊕ B0,1 be the canonical splitting of J . Then we prove
that [B1,0, B1,0] ⊂ B1,0. Let X˜, Y˜ ∈ B1,0. Since T 1,0M˜ = {ξ − iJξ} ⊕ B1,0 and J is
integrable on M˜ , [X˜, Y˜ ] ∈ T 1,0M˜ . Put [X˜, Y˜ ] = a(ξ − iJξ) + Z˜ for some function a
and Z˜ ∈ B1,0. As π∗(−Jξ) = A from (2.10), π∗([X˜, Y˜ ]) = aiA + π∗Z˜. By definition,
2dη(π∗X˜, π∗Y˜ ) = −η([π∗X˜, π∗Y˜ ]) = −ai. On the other hand, since Ω is J-invariant,
Ω(X˜, Y˜ ) = 0 for ∀ X˜, Y˜ ∈ B1,0. As above, i∗π∗X˜ ≡ X˜ mod ξ, similarly for Y˜ , we
obtain that dη(π∗X˜, π∗Y˜ ) = Ω(i∗π∗X˜, i∗π∗Y˜ ) = Ω(X˜, Y˜ ) = 0. Hence, a = 0 and so
[X˜, Y˜ ] = Z˜ ∈ B1,0. If we note that π∗ : {ξ, Jξ}⊥ ⊗ C→Null η ⊗ C is J-isomorphic by
(2.11), then Null η ⊗ C = π∗B1,0 ⊕ π∗B0,1 is the splitting for J , in which we have shown
[π∗B
1,0, π∗B
1,0] ⊂ π∗B1,0. Therefore J is a complex structure on Null η.
Consider the group of pseudo-Hermitian transformations on (W, η, J):
PSH(W, η, J) = {f ∈ Diff(W ) | f ∗η = η, f∗ ◦ J = J ◦ f∗ onNull η}.(2.12)
Corollary 2.1. The characteristic vector field A generates the subgroup {ψ′t}t∈R consisting
of pseudo-Hermitian transformations.
Proof. By (2.3) and (2.9), ψt (resp. ψ
′
t) preserves {ξ, Jξ}⊥ (resp. Null η). Then the
equality π ◦ ψθ = ψ′θ ◦ π from (2.10) with diagram (2.11) implies that ψ′t∗J = Jψ′t∗ on
Null η. Therefore
{ψ′t}t∈R ⊂ PSH(W, η, J).(2.13)
Proof of Theorem A.
2.2. Parallel Lee form. Let Yϕtw ∈ TϕtwM˜ be any vector field. As π∗Yϕtw ∈ TwW ,
i∗π∗Yϕtw − ϕ−t∗Yϕtw = λξw for some function λ. Then,
ιξΩ(i∗π∗Yϕtw) = Ω(ξw, i∗π∗Yϕtw) = Ω(ξw, ϕ−t∗Yϕtw) + Ω(ξw, λξw)
= ϕ∗−tΩ(ϕt∗ξw, Yϕtw) = e
−tΩ(ξϕtw, Yϕtw) = e
−tιξΩ(Yϕtw).
By definition (2.6),
π∗η = π∗i∗ιξΩ = e
−tιξΩ, equivalently, e
tπ∗η = ιξΩ.(2.14)
As Ω = LξΩ = dιξΩ from (2.5), we obtain that
d(etπ∗η) = Ω on M˜.(2.15)
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For the given l.c.K. metric g, the Ka¨hler metric h is obtained as h = e−τ · p∗g where
dτ = θ˜. As ω is the fundamental 2-form of g, note that Ω = e−τ · p∗ω.
We now consider on M˜ the 2-form:
Θ¯ = 2e−t · d(etπ∗η) (= 2e−t · Ω).(2.16)
Then g¯(X, Y ) = Θ¯(JX, Y ) is a l.c.K. metric. Put θ¯ = −dt. Then, as
dΘ¯ = −2e−tdt ∧ d(etπ∗η) = −dt ∧ Θ¯, so θ¯ is the Lee form of g¯.
Lemma 2.5. θ¯ is parallel w.r.t. g¯ (∇g¯θ¯ = 0).
Proof. First we determine the Lee field θ¯♯. (θ¯(X) = g¯(X, θ¯♯).) We start from:
g¯(ξ, Y ) = Θ¯(Jξ, Y ) = 2e−t(etdt ∧ π∗η + etdπ∗η)(Jξ, Y )
= 2(dt ∧ π∗η + dπ∗η)(Jξ, Y ) = 2(dt ∧ π∗η)(Jξ, Y )
because A = −π∗Jξ is the characteristic vector field of the contact form η. As before,
a point x ∈ M˜ can be described uniquely as ϕtw for some w ∈ W . In particular, using
Lemma 2.3, the t-coordinate of x is t. Noting that ψθ(x) = ϕtψθw and ψθw ∈ W , by
uniqueness the t-coordinate of ψθ(x), t(ψθ(x)) = t. From (2.7),
dt(−Jξx) = dt(dψθ
dθ
(x)|θ=0) = dt
dθ
|θ=0 = 0.(2.17)
The above formula becomes:
g¯(ξ, Y ) = 2(dt ∧ π∗η)(Jξ, Y ) = −dt(Y )η(−A) = dt(Y ) = −θ¯(Y ) = −g¯(Y, θ¯♯)(2.18)
proving that θ¯♯ = −ξ. Next we observe that the flow {ϕs}s∈R acts by isometries w.r.t. g¯.
As ϕs is holomorphic, it is enough to prove that each ϕs leaves Θ¯ invariant. But
ϕ∗sΘ¯ = 2e
−ϕ∗std(eϕ
∗
stϕ∗sπ
∗η) = 2e−(s+t)d(es+tπ∗η) = 2e−td(etπ∗η) = Θ¯.
Thus Lθ♯ g¯ = −Lξg¯ = 0. Now we put σ = θ¯ in the equality (Lσ♯ g¯)(X, Y ) + 2dσ(X, Y ) =
2g¯(∇g¯Xσ♯, Y ), valid for any 1-form σ, take into account dθ¯ = 0 and obtain ∇g¯θ¯♯ = 0 which
is equivalent with ∇g¯θ¯ = 0, so θ¯ is parallel w.r.t. g¯ as announced.
By equation (2.16), g¯ is conformal to the lifted metric p∗g:
Θ¯ = µ · p∗ω (equivalently g¯ = µ · p∗g)(2.19)
where µ = 2e−(t+τ) : M˜→R+ is a smooth map. We finally prove:
Lemma 2.6. π1(M) acts by holomorphic isometries of g¯. In particular, π1(M) leaves θ¯
invariant.
Proof. We prove the following two facts:
1. γ∗π∗η = π∗η for every γ ∈ π1(M).
2. γ∗et = ρ(γ) · et where ρ : π1(M)→R+
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First note that as R = {ϕt} centralizes π1(M), γ∗ξ = ξ for γ ∈ π1(M). As γ is holo-
morphic, γ∗Jξ = Jξ. Since π1(M) acts on M˜ as holomorphic homothetic transformations,
(i.e., γ∗Ω = ρ(γ) ·Ω), π1(M) preserves {ξ, Jξ}⊥. If we recall that π∗ : {ξ, Jξ}⊥ → Null η is
isomorphic, then for X ∈ {ξ, Jξ}⊥, γ∗π∗η(X) = η(π∗γ∗X) = 0. As −π∗Jξ = A is charac-
teristic, it follows γ∗π∗η(Jξ) = η(π∗γ∗Jξ) = η(π∗Jξ) = −1. This shows that γ∗π∗η = π∗η
on M˜ . On the other hand, if we note γ∗ξ = ξ, then
γ∗(ιξΩ)(X) = Ω(ξ, γ∗X) = Ω(γ∗ξ, γ∗X) = γ
∗Ω(ξ,X)
= ρ(γ) · Ω(ξ,X) = ρ(γ) · ιξΩ(X)
where ρ(γ) is a positive constant number. Applying γ∗ to π∗η = e−t · ιξΩ from (2.14), we
obtain γ∗e−t · ρ(γ) = e−t. Equivalently, γ∗et = ρ(γ) · et. This shows 1 and 2.
From (2.16),
γ∗Θ¯ = γ∗(2e−t · d(etπ∗η)) = 2ρ(γ)−1 · e−td(ρ(γ) · etγ∗π∗η)
= 2e−t · d(etπ∗η) = Θ¯.
Since g¯(X, Y ) = Θ¯(JX, Y ), π1(M) acts through holomorphic isometries of g¯. We have
that θ¯(Y ) = g¯(Y, θ¯♯) = −g¯(Y, ξ) (Y ∈ TM˜) from (2.18). Then,
γ∗θ¯(Y ) = −g¯(γ∗Y, ξ) = −g¯(γ∗Y, γ∗ξ) = −g¯(Y, ξ) = θ¯(Y ).
From this lemma, the covering map p : M˜→M induces a l.c.K. metric gˆ with parallel
Lee form θˆ on M such that p∗gˆ = g¯ and p∗θˆ = θ¯ with ∇gˆp∗X θˆ(p∗Y ) = ∇g¯X θ¯(Y ). Applying
γ∗ to the both side of (2.19), we derive
γ∗g¯ = g¯ = µ · p∗g.
γ∗µ · γ∗p∗g = γ∗µ · p∗g.
Therefore γ∗µ = µ which implies that µ factors through a map µˆ : M→R+ so that
p∗gˆ = p∗(µˆ · g). We have µˆ · g = gˆ. The conformal class of g contains a l.c.K. metric gˆ with
parallel Lee form θˆ. This finishes the proof of Theorem A. ✷
As to Corollary A1 in the Introduction, we recall the following. (Compare [17], [5, p.37].)
Let (M, g, J) be a compact, connected, non-Ka¨hler, l.c.K. manifold with parallel Lee form
θ. Then the following results hold: g(θ♯, θ♯) = const,
Lθ♯J = LJθ♯J = 0,
Lθ♯g = LJθ♯g = 0.
Then Z = θ♯ − iJθ♯ is a holomorphic vector field because [θ♯, Jθ♯] = 0 (cf. [11]). By
Definition 1.1, Z = θ♯ − iJθ♯ is a holomorphic l.c.K. vector field.
Proposition 2.4. The real vector fields θ♯ and Jθ♯ satisfy the following:
1. A flow generated by the Lee field θ♯ lifts to a one-parameter subgroup of nontrivial
homothetic holomorphic transformations w.r.t. Ω.
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2. A flow generated by the anti-Lee field −Jθ♯ lifts to a one-parameter subgroup consisting
of holomorphic isometries w.r.t. Ω.
Proof. Let {ϕˆt}t∈R be the flow generated by θ♯ on M and {ϕt}t∈R its lift to M˜ . Denote
by ξ the vector field on M˜ induced by {ϕt}. Then, p∗ξ = θ♯. Because θ is parallel, {ϕˆt}
(resp. {ϕt}) acts by holomorphic isometries w.r.t. g (resp. p∗g). In particular, {ϕt}
preserves p∗ω. Then, for Ω = e−τp∗ω, we have ϕ∗tΩ = e
−(ϕ∗t τ−τ)Ω. As ρ : {ϕt}t∈R→R+ is
a homomorphism and ρ(ϕt) = e
−(ϕ∗t τ−τ) is a constant for each t ∈ R (dimCM ≥ 2), we
can describe as −(ϕ∗t τ − τ) = c · t for some constant c. Recall that h is the Ka¨hler metric
associated to Ω. If {ϕt} acts as holomorphic isometries w.r.t. h, then the above equation
implies that c = 0, i.e. ϕ∗t τ − τ = 0 for every t, and so Lξτ = 0. On the other hand, as
dτ = p∗θ, we have:
0 = Lξτ = dτ(ξ) = θ(p∗ξ) = θ(θ♯) = const > 0,
being a contradiction. Thus, ϕ∗tΩ = ρ(ϕt)Ω = e
c·tΩ with c 6= 0. Hence, {ϕt}t∈R is a group of
nontrivial homothetic holomorphic transformations isomorphic to R. On the other hand,
let {ψˆt}t∈R (resp. {ψt}t∈R) be the flow generated by -Jθ♯ on M (resp. -Jξ on M˜). As
p∗(Jξ) = Jp∗ξ = Jθ
♯,
LJξτ = dτ(Jξ) = p∗θ(Jξ) = θ(Jθ♯) = g(Jθ♯, θ♯) = 0,
and hence ψ∗t τ = τ for every t ∈ R. Using the fact that LJθ♯g = 0, LJθ♯ω = 0. This implies
that ψ∗tΩ = ψ
∗
t e
−τψ∗t p
∗ω = e−τp∗ψˆ∗t ω = e
−τp∗ω = Ω.
Let R→M˜ π−→ W be the principal bundle where R = {ϕt}t∈R (cf. Lemma 2.2). Define
the centralizer of R in H(M˜,Ω, J) to be:
Definition 2.1. CH(R) = {f ∈ H(M˜,Ω, J) | f ◦ ϕt = ϕt ◦ f for ∀t ∈ R}.
As C˜ centralizes the fundamental group π1(M), noting the remark below (2.1),
π1(M) ⊂ CH(R).(2.20)
Lemma 2.7. There exists a homomorphism ν : CH(R)→PSH(W, η, J) for which π : M˜→W
becomes ν-equivariant. Moreover, there is a splitting homomorphism
q : PSH(W, η, J)→CH(R).
Proof. By definition, any element f ∈ CH(R) satisfies f∗ξ = ξ. As f ∗Ω = ρ(f)Ω, choosing
es = ρ(f), put γ = ϕ−s ◦ f . Then, γ∗Ω = Ω. In particular, γ leaves W invariant. Let
γ′ be the restriction of γ to W (i.e., i ◦ γ′ = γ). Using (2.6) and γ∗ξ = ξ, we have that
γ′∗η = γ∗LξΩ = LξΩ = η. Hence γ′ ∈ PSH(W, η, J). If we define ν(f) = γ′, then it is easy
to see that ν is a well defined homomorphism. Let x = ϕtw be a point in M˜ . As π(x) = w,
π(fx) = π(ϕsγ(ϕtw)) = π(ϕsϕtiγ
′w) = π(iγ′w) = γ′w = ν(f)π(x), so π is ν-equivariant.
For γ ∈ PSH(W, η, J), we define a diffeomorphism γ˜ : M˜→M˜ to be
γ˜(x) = γ˜(ϕtw) = ϕtγw.(2.21)
By definition, π ◦ γ˜ = γ ◦ π and the t-coordinate satisfies that γ˜∗t = t. Using (2.15) and
γ∗η = η, it follows that γ˜∗Ω = d(eγ
∗tπ∗γ∗η) = d(etπ∗η) = Ω. To see that γ˜ : M˜→M˜ is
GEOMETRIC FLOW ON COMPACT L.C.K. MANIFOLDS 11
holomorphic, notice that γ˜∗ξ = ξ. As γ˜(ψθx) = γ˜(ψθϕtw) = γ˜(ϕtiψ
′
θw) = ϕtiγψ
′
θw, and
γ∗A = A,
γ˜∗(−Jξx) = γ˜∗(dψθ
dθ
(x)|θ=0) = (dϕtiγ(ψ
′
θw)
dθ
|θ=0)
= ϕt∗i∗γ∗(
dψ′θ
dθ
(w)|θ=0) = ϕt∗i∗γ∗Aw = ϕt∗i∗Aγw = ϕt∗(−Jξγw) = −Jξγ˜x.
(2.22)
Hence, γ˜ preserves {ξ, Jξ}⊥. Since the complex structure J : Null η→Null η is defined by
the commutative diagram (2.11), Jγ∗(π∗X) = γ∗J(π∗X) for X ∈ {ξ, Jξ}⊥ by definition.
Then π∗γ˜∗J(X) = Jγ∗π∗(X) = Jπ∗γ˜∗(X) = π∗Jγ˜∗(X). As a consequence, γ˜∗ ◦ J = J ◦ γ˜∗
on M˜ . Hence, γ˜ ∈ CH(R). It is easy to check that q(γ) = γ˜ is a homomorphism of
PSH(W, η, J) into CH(R) such that ν ◦ q = id.
Remark 2.1. From this lemma, there is an isomorphism CH(R) ≈ R × PSH(W, η, J)
where each element of CH(R) is described as ϕs · q(α) for s ∈ R, α ∈ PSH(W, η, J). It acts
on M˜ as
ϕs · q(α)(ϕt · w) = ϕs+t · αw,
for which there is an equivariant principal bundle:
R→(CH(R), M˜) (ν,π)−→ (PSH(W, η, J),W ).
2.3. Central group extension. Consider the exact sequence:
1→R→CH(R) ν−→ PSH(W, η, J)→1.(2.23)
Suppose that R ∩ π1(M) is nontrivial. Then it is an infinite cyclic subgroup Z such that
the quotient group R/Z is a circle S1. Put Q = ν(π1(M)) ⊂ PSH(W, η, J). We have a
central group extension:
1→Z→π1(M) ν−→ Q→1.(2.24)
The above principal bundle restricts to the following one:
(Z,R)→(π1(M), M˜) (ν,π)−→ (Q,W ).(2.25)
As both R and π1(M) act properly on M˜ , Q acts also properly discontinuously (but not
necessarily freely) on W such that the quotient Hausdorff space W/Q is compact. Since
ρ(Z) ⊂ ρ(R) = R+ from § 2.1, ρ(Z) is an infinite cyclic subgroup of R+. We need the
following lemma. (Compare [9], [4].)
Lemma 2.8. Let 1→Z→π1(M) ν−→ Q→1 be the central extension as in (2.24). Then,
π1(M) has a splitting subgroup π
′ of finite index: 1→Z→π′ ν−→ Q′→1 In particular, there
exists a subgroup H ′ of π′ which maps isomorphically onto a subgroup Q′ of finite index in
Q.
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Proof. Consider the homomorphism ρ′ = ρ|π1(M) : π1(M)−→R+ from (2.1). Then, ρ′(π1(M))
is a free abelian group of rank k ≥ 1. If we note that ρ′(Z) is an infinite cyclic subgroup of
ρ′(π1(M)), then we can choose a subgroup G of finite index in ρ
′(π1(M)) such that ρ
′(Z) is
a direct summand in G; G = ρ′(Z)× Zk−1. Put π′ = ρ′−1(G) and H ′ = ρ′−1(Zk−1). Then,
π′ has finite index in π1(M). Obviously ν maps H
′ isomorphically onto ν(H ′) = Q′ which
is of finite index in Q.
Proposition 2.5. The subgroup Q′ acts freely on W so that the orbit space W/Q′ is a
closed strictly pseudoconvex pseudo-Hermitian manifold induced from the
pseudo-Hermitian structure (η, J) on W .
Proof. Let f = ν ′−1 : Q′→H ′ be the inverse isomorphism. For each α′ ∈ Q′ there exists a
unique element λ(α′) ∈ R such that f(α′) = ϕλ(α′) ·q(α′). As we know that Q acts properly
discontinuously on W from the remark below (2.25), the stabilizer at each point is finite.
Suppose that α′w = w for some point w ∈ W . As α′ ∈ Qw, α′ℓ = 1 for some ℓ. Since
ϕt is a central element and q is a homomorphism, 1 = f(α
′ℓ) = ϕℓλ(α′) · q(α′ℓ) = ϕℓλ(α′).
Thus, λ(α′) = 0, i.e., f(α′) = q(α′). By definition of the action (π′, M˜), f(α′)(ϕtw) =
q(α′)(ϕtw) = ϕtα
′w = ϕtw. As π
′ acts freely on M˜ , f(α′) = 1 and so α′ = 1. If we note
that Q′ ⊂ PSH(W, η, J), then (η, J) induces a pseudo-Hermitian structure (ηˆ, J) on W/Q′.
Here we use the same notation J to the complex structure on Null ηˆ.
3. Examples of l.c.K. manifolds with parallel Lee form
In this section we present an explicit construction for the Hopf manifolds.
Let S2n−1 = {(z1, . . . , zn) ∈ Cn | |z1|2 + · · · + |zn|2 = 1} be the sphere endowed with its
standard contact structure
η0 =
n∑
j=1
(xjdyj − yjdxj), where zj = xj +
√−1 yj.(3.1)
Let J0 be the restriction of the standard complex structure of C
n to Cn−{0}. It is known
that the group of pseudo-Hermitian transformations, PSH(S2n−1, η0, J0) is isomorphic with
U(n) (see [20], for example). We define a 1-parameter subgroup
{ψt}t∈R ⊂ PSH(S2n−1, η0, J0) by the formula:
ψt(z1, . . . , zn) = (e
ita1z1, . . . , e
itanzn),
where i =
√−1 and a1, . . . , an ∈ R. The vector field induced by this action is
A =
n∑
j=1
aj(xj
d
dyj
− yj d
dxj
)
and satisfies η0(A) = a1|z1|2 + · · ·+ an|zn|2.
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Now we require that η0(A) > 0 everywhere on S
2n−1. Then the numbers ak must satisfy
(up to rearrangement):
0 < a1 ≤ · · · ≤ an.(3.2)
Define a new contact form ηA on the sphere by
ηA =
1∑n
j=1aj |zj|2
· η0.
The contact distributions of η0 and ηA coincide, but the characteristic field of ηA is A:
ηA(A) = 1, ιAdηA = 0. As A generates the flow {ψt}t∈R ⊂ PSH(S2n−1, η0, J0), note that
ψt∗ ◦ J0 = J0 ◦ ψt∗ on Null ηA. Define a 2-form on the product R× S2n−1 by:
ΩA = 2d(e
tpr∗ηA), (t ∈ R).
Here pr : R × S2n−1→S2n−1 is the projection. If R = {ϕs}s∈R acts on R × S2n−1 by left
translations: ϕs(t, z) = (s+t, w), then the group R×PSH(S2n−1, ηA, J0) acts by homothetic
transformations w.r.t. ΩA:
(ϕs × α)∗ΩA = es · ΩA, (α ∈ PSH(S2n−1, ηA, J0)).(3.3)
In general, PSH(S2n−1, ηA, J0) is the centralizer of {ψt}t∈R in U(n). In view of the formula
of ψt, PSH(S
2n−1, ηA, J0) contains the maximal torus of U(n) at least.
T n ⊂ PSH(S2n−1, ηA, J0).(3.4)
(For example, if all aj are distinct, PSH(S
2n−1, η0, J0) = T
n).
Let N =
d
dt
be the vector field induced on R × S2n−1 by the R-action. Taking into
account that T (R× S2n−1) = N ⊕A⊕Null ηA, we define an almost complex structure JA
on R× S2n−1 by:
JAN = −A, JAA = N,
JA|Null ηA = J0
and show its integrability. Indeed, let
T (R× S2n−1)⊗ C = {T 1,0 + (A− iN)} ⊕ {T 0,1 + (A+ iN)}
be the splitting corresponding to JA (here T
1,0 + T 0,1 = Null ηA ⊗C). As JA|Null ηA = J0,
[T 1,0, T 0,1] ⊂ T 1,0. Recalling that A is the characteristic field of ηA, we see that
[X,A] ∈ Null ηA for any X ∈ Null ηA. If X ∈ T 1,0, then [X,A − iN ] = [X,A] =
lim
t→0
X − ψ−t∗X
t
. Noting that ψt ∈ PSH(S2n−1, ηA, J0) (i.e., ψt∗J0 = J0ψt∗),
JA[X,A− iN ] = J0[X,A] = lim
t→0
J0X − ψ−t∗J0X
t
= [J0X,A]
= [iX,A] = i[X,A] = i[X,A− iN ].
Thus [X,A − iN ] ∈ {T 1,0 + (A − iN)}. Hence JA is integrable. By the definition of JA,
it is easy to check that the elements of R× PSH(S2n−1, ηA, J0) are holomorphic w.r.t. JA.
Moreover, ΩA is JA-invariant. Hence, ΩA is a Ka¨hler form on the complex manifold (R×
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S2n−1, JA) on which R× PSH(S2n−1, ηA, J0) acts as the group of holomorphic homothetic
transformations. Define a Hermitian metric g˜A and its fundamental 2-form ω˜A by setting
ω˜A = 2e
−t · ΩA.
g˜A(X, Y ) = ω˜A(JAX, Y ), ∀ X, Y ∈ T (R× S2n−1).
(3.5)
(Compare (2.16).) By (3.3), R × PSH(S2n−1, ηA, J0) acts as holomorphic isometries of
(g˜A, JA). When we choose a properly discontinuous group Γ ⊂ R × PSH(S2n−1, ηA, J0)
acting freely on R × S2n−1, g˜A (resp. ω˜A) induces a Hermitian metric gA (resp. the
fundamental 2-form ωA) on the quotient complex manifold (R × S2n−1/Γ, JˆA), where the
complex structure JˆA is induced from JA. We have to check that gA is a l.c.K. metric with
parallel Lee form. Let p : R× S2n−1→R× S2n−1/Γ be the projection so that p∗ωA = ω˜A.
Since ω˜A = e
−t · ΩA, we have dω˜A = −dt ∧ ω˜A. Thus g˜A is a l.c.K. metric with Lee
form d(−t) on R× S2n−1. If we note that the group R × PSH(S2n−1, ηA, J0) leaves d(−t)
invariant, i.e. (ϕs × α)∗d(−t) = d(−(s + t)) = d(−t), then d(−t) induces a 1-form θ
on R × S2n−1/Γ such that p∗θ = d(−t). The equation dω˜A = −dt ∧ ω˜A implies that
dωA = θ ∧ ωA on R × S2n−1/Γ. As dθ = 0, gA is a l.c.K. metric with Lee form θ. For the
rest, the same argument as in the proof of Lemma 2.5 can be applied to show that θ is the
parallel Lee form of gA. Finally, we examine the complex structure JˆA on R × S2n−1/Γ.
Let H : R× S2n−1 → Cn − {0} be the diffeomorphism defined by:
H(t, (z1, . . . , zn)) = (e
−a1tz1, . . . , e
−antzn),
where {a1, . . . , an} satisfies the condition (3.2). We shall show that H is a (JA, J0)-
biholomorphism. We have:
H∗(N(s,z)) =
dH(t+ s, z)
dt
|t=0 = (−a1 · e−a1s · z1, . . . ,−an · e−ans · zn);
H∗(JAN(s,z)) = H∗(−A(s,z)) = −H∗((s, d
dt
(eita1z1, . . . , e
itanzn)|t=0)
= −(ia1e−a1sz1, . . . , iane−anszn) = J0H∗(N(s,z)).
From H∗(A(s,z)) = −J0H∗(N(s,z)), we derive J0H∗(A(s,z)) = H∗(N(s,z)) = H∗(JAA). Now
let X ∈ Null ηA ⊂ TS2n−1 and let σ(t) be an integral curve of X on S2n−1: σ˙(t) = X ,
σ˙(0) = Xz. We can view X as a pair: X(s,z) = (s, σ˙(0)). Then:
H∗(X(s,z)) =
d
dt
H(s, σ(t))|t=0 = (e−a1sσ˙1(0), . . . , e−ansσ˙n(0)).
From this we obtain:
H∗(JAX(s,z)) = H∗((s, J0σ˙(0))) = H∗((s, (iσ˙1(0), . . . , iσ˙n(0))))
= (ie−a1sσ˙1(0), . . . , ie
−ansσ˙n(0))
= J0(e
−a1sσ˙1(0), . . . , e
−ansσ˙n(0)) = J0H∗(X(s,z)).
Therefore H : (R× S2n−1, JA)→ (Cn − {0}, J0) is a biholomorphism.
Let Hol(Cn−{0}, J0) be the group of all biholomorphic transformations. If we associate
to each γ ∈ R×PSH(S2n−1, ηA, J0) the biholomorphic map H ◦γ◦H−1, we obtain a faithful
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homomorphism R×PSH(S2n−1, ηA, J0)−→Hol(Cn−{0}, J0). Let ΓH be the image of Γ in
Hol(Cn − {0}, J0).
Definition 3.1. The quotient complex manifold Cn − {0}/ΓH is called a Hopf manifold.
We have shown:
Theorem 3.1. The Hopf manifold Cn−{0}/ΓH admits a l.c.K. metric g with parallel Lee
form θ.
By (3.4), T n ⊂ PSH(S2n−1, ηA, J0). Choose s ∈ R − {0} and n-complex numbers
c1, . . . , cn ∈ S1. Consider an infinite cyclic subgroup Z generated by the element
(s, (c1, . . . , cn)) from R × PSH(S2n−1, η0, J0). Then the corresponding group ZH is gener-
ated by the element (e−a1s · c1, . . . , e−ans · cn) acting on Cn − {0}. Let Λ = (λ1, . . . , λn),
with λj = e
−ajs · cj and so ZH =< (λ1, . . . , λn) >. The condition (3.2) ensures that the
complex numbers λj satisfy
0 < |λn| ≤ · · · ≤ |λ1| < 1.
Put MΛ = C
n − {0}/ΓH. We call MΛ a primary Hopf manifold of type Λ. Indeed, for
n = 2, one recovers the primary Hopf surfaces of Ka¨hler rank 1. In particular, we derive
Theorem B in the Introduction.
Remark 3.1. Note that the manifolds MΛ are all diffeomorphic with S
1×S2n−1 and that
for c1 = · · · = cn = 1 and a1 = · · · = an, we obtain the standard Hopf manifold, the first
known example of a l.c.K. manifold with parallel Lee form, cf. [17].
In [6] a l.c.K. metric with parallel Lee form is constructed on the primary Hopf surface
Mλ1,λ2 = C
2−{0}/Γ, Γ ∼= Z generated by (z1, z2) 7→ (λ1z1, λ2z2), |λ1| ≥ |λ2| > 1. There the
diffeomorphism between Mλ1,λ2 and S
1×S3 is used to construct a potential for the Ka¨hler
metric h (in the present paper notations) on the universal cover. The same diffeomorphism
is then used to transport the l.c.K. structure on S1 × S3 and to show that the induced
Sasakian structure on S3 is a deformation of the standard Sasakian structure of the 3-
sphere. See also [1] where a complete list of compact, complex surfaces admitting l.c.K.
metrics with parallel Lee form is provided.
4. Lee-Cauchy-Riemann transformations
In this section, we consider the group AutLCR(M) described in the Introduction.
Let {θ, θ ◦ J, θα, θ¯α}α=1,··· ,n−1 be a unitary, local coframe field adapted to a l.c.K. manifold
(M, g, J). Consider the subgroup G of GL(2n,R) consisting of the following elements:




1 0 0 0
0 u vα v¯α
0 0
√
uUαβ 0
0 0 0
√
u U¯αβ

 | u ∈ R+, vα ∈ C, Uαβ ∈ U(n− 1)


.
Let G→P→M be the principal bundle of the G-structure consisting of the above coframes
{θ, θ ◦ J, θα, θ¯α}. If we note that G is isomorphic to the semidirect product
Cn−1 ⋊ (U(n− 1)× R+), then the Lie algebra g is isomorphic to Cn−1 + u(n− 1) + R. In
particular, the matrix group g ⊂ gl(2n,R) has no element of rank 1, i.e. it is elliptic (cf.
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[10]). Note that Cn−1 is of infinite type, while u(n− 1)+R is of order 2. As M is assumed
to be compact, the group of automorphisms U of P is a (finite dimensional) Lie group.
Definition 4.1. The group of all diffeomorphisms of M onto itself which preserve the
above G-structure is denoted by AutLCR(M, g, J, θ) (or simply by AutLCR(M)). We call
AutLCR(M) the group of Lee-Cauchy-Riemann transformations on a l.c.K. manifold (M, g, J)
adapted to the Lee form θ.
By definition, if f ∈ AutLCR(M), then f ∗ : P→P is a bundle automorphism satisfying
f ∗θ = θ,
f ∗(θ ◦ J) = λ · (θ ◦ J), for some positive, smooth function λ,
f ∗θα =
√
λ · θβV αβ + (θ ◦ J) · wα,
f ∗θ¯α =
√
λ · θ¯βV¯ αβ + (θ ◦ J) · w¯α,
(4.1)
for functions V αβ ∈ U(n− 1) and wα ∈ C. Note that the group of holomorphic isometries
I(M, g, J) is contained in AutLCR(M). In fact, an element f ∈ I(M, g, J) satisfies f ∗θ =
θ, f ∗(θ ◦ J) = (θ ◦ J) and f ∗ω = ω. Let {θ♯, Jθ♯}⊥ be the orthogonal complement of
the complex plane field {θ♯, Jθ♯} w.r.t. g. It is obviously J-invariant. If we note that
ω|{θ♯, Jθ♯}⊥ = −i∑α,β δαβθα ∧ θ¯β , then f ∗θα = θβUαβ , f ∗θ¯α = θ¯βU¯αβ for some matrix
function Uαβ ∈ U(n− 1).
Lemma 4.1. Any element f ∈ AutLCR(M) preserves {θ♯, Jθ♯}⊥ and is holomorphic on it.
Proof. Let X ∈ {θ♯, Jθ♯}⊥. The equations f ∗θ = θ, f ∗(θ ◦ J) = λ · (θ ◦ J) show that
g(f∗X, θ
♯) = θ(f∗X) = θ(X) = g(X, θ
♯) = 0,
g(f∗X, Jθ
♯) = −g(Jf∗X, θ♯) = −θ(Jf∗X) = −θ ◦ J(f∗X)
= −λ · θ ◦ J(X) = −g(X, (θ ◦ J)♯) = g(X, Jθ♯) = 0.
(4.2)
Thus f∗ applies {θ♯, Jθ♯}⊥ onto itself. Moreover, if θ♯α is a dual frame field to θα (similarly
for θ¯α), then the frame {θ♯α, θ¯♯α}α=1,··· ,n−1 spans {θ♯, Jθ♯}⊥ ⊗ C.
The equation f ∗θα =
√
λ · θβV αβ + (θ ◦ J) ·wα implies that f∗θ♯α =
√
λ · θ♯βV βα (similary for
f∗θ¯
♯
α). Therefore f∗ ◦ J = J ◦ f∗on {θ♯, Jθ♯}⊥.
When a noncompact LCR flow exists on a compact l.c.K. manifold M with parallel Lee
form, we shall prove a rigidity similar to the one implied by a noncompact CR-flow on a
compact CR-manifold (cf. [14], [8]).
Proof of Theorem C.
4.1. Existence of spherical CR-structure on W/Q′. Let 1→Z→π′ ν−→ Q′→1 be the
split central group extension from Lemma 2.8. Put M ′ = M˜/π′. Then it is easy to see that
the Lee form θ, the LCR-action C∗ lift to those of M ′, so we retain the same notations for
M ′. We put C∗ = S1 × R+ where R+ = {φˆt}t∈R is a LCR flow on M ′. By hypothesis,
S1 = {ϕˆt}t∈R induces the Lee field θ♯. From 1 of Proposition 2.4, S1 lifts to a nontrivial
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holomorphic homothetic flow R = {ϕt}t∈R on M˜ w.r.t. Ω. We obtain a LCR-action of
R× R+ on M˜ for which R acts properly as before. Consider the commutative diagram of
principal bundles:
Z −−−→ π′ ν−−−→ Q′y
y
y
R −−−→ (R× R+, M˜) (ν˜,π)−−−→ (R+,W )y
yp
yp
S1 −−−→ (S1 × R+,M ′) (νˆ,πˆ)−−−→ (R+,W/Q′)
(4.3)
From the bottom line, the projection νˆ maps the group R+ = {φˆt}t∈R onto a group R+ =
{φ¯t}t∈R acting on W/Q′.
Lemma 4.2. The group R+ = {φ¯t}t∈R acts by CR-transformations on W/Q′ w.r.t. the
CR-structure induced from the strictly pseudoconvex, pseudo-Hermitian structure (ηˆ, J).
Proof. As ξ generates the flow R = {ϕt}t∈R, p∗ξ = θ♯ on M ′ by hypothesis and so
p : M˜→M ′ maps the complex plane field {ξ, Jξ} onto {θ♯, Jθ♯}. By Lemma 4.1, each
φˆt ∈ AutLCR(M ′) preserves {θ♯, (θ ◦ J)♯}⊥. So its lift φt preserves the J-invariant distri-
bution {ξ, Jξ}⊥. Since π∗ : ({ξ, Jξ}⊥, J)→(Null η, J) is J-isomorphic and each φt is holo-
morphic on {ξ, Jξ}⊥, πˆ∗ : ({θ♯, (θ ◦ J)♯}⊥, J)−→(Null ηˆ, J) is also J-isomorphic through
the commutative diagram and thus each φ¯t is holomorphic on Null ηˆ; (φ¯t∗ ◦ J = J ◦ φ¯t∗).
Therefore, R+ = {φ¯t}t∈R is a closed, noncompact subgroup of CR-transformations ofW/Q′
w.r.t. (Null ηˆ, J).
By this lemma, we obtain a compact strictly pseudoconvex CR-manifoldW/Q′ admitting
a closed, noncompact CR-transformations R+. Then we apply the result of [8] to show that
W/Q′ is CR-equivalent to the sphere S2n−1 with the standard CR-structure. In particular
Q′ = {1} and thus Q is a finite subgroup of PSH(W, η, J) from Lemma 2.8. By definition
of spherical CR-structure (cf. [12], [7]), there exists a developing pair:
(µ, dev) : (AutCR(W ),W )→(PU(n, 1), S2n−1)
for which dev is a CR-diffeomorphism and µ : AutCR(W )→PU(n, 1) is the holonomy
isomorphism. Here PU(n, 1) = AutCR(S
2n−1) and AutCR(W ) is the group of all CR-
automorphisms of W containing the groups R+ and PSH(W, η, J) ⊃ Q.
As S1 (⊂ C∗) acts on M without fixed points (but not necessarily freely), the quotient
space M/S1 =W/Q(≈ S2n−1/µ(Q)) is an orbifold, so such a finite subgroup Q may exist.
On the other hand, we recall some facts from the theory of hyperbolic groups (cf. [3]).
The noncompact closed µ(R+)-action on S2n−1 is characterized as whether it is either
loxodromic (= R+) or parabolic (= R) for which R+ has exactly two fixed points {0,∞}
or R has the unique fixed point {∞} on S2n−1. Moreover, the centralizer CPU(n,1)(µ(R+))
of µ(R+) in PU(n, 1) is one of the following groups up to conjugacy:
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R×U(n− 1) or R+ × U(n− 1).(4.4)
Since π1(M) centralizes R × R+, note that Q centralizes R+ (cf. (2.24)). The holonomy
group µ(Q) belongs to CPU(n,1)(µ(R+)). As µ(Q) is a finite subgroup, (4.4) implies that
µ(Q) ⊂ U(n− 1).(4.5)
4.2. Rigidity of (M, g, J) under the LCR action of R+. Let (η0, J0) be the standard
strictly pseudoconvex pseudo-Hermitian structure on S2n−1 (cf. (3.1)). By definition, there
exists a positive function u on W such that
dev∗η0 = u · η.(4.6)
By Lemma 2.4, we know that A is the characteristic CR-vector field on W for (η, J). If
{ψ′t} is the flow generated by A, then note from (2.13) that {ψ′t} ⊂ PSH(W, η, J). Because
W is compact, PSH(W, η, J) is compact. As PSH(W, η, J) ⊂ AutCR(W ), the closure of the
holonomy image µ({ψ′t}) (which is a connected abelian group) lies in the maximal torus
T n of the maximal compact subgroup U(n) in PU(n, 1) up to conjugacy. We can describe
it as
µ(ψ′t) = (e
ia1·t, · · · , eian·t) (∀t ∈ R)
for some ai ∈ R (i = 1, . . . , n). On the other hand, let A = dev∗(A). Since dev is
equivariant, dev(ψ′tw) = µ(ψ
′
t)dev(w) on
S2n−1 = {z = (z1, z2, · · · , zn) ∈ Cn | |z1|2 + |z2|2 + · · ·+ |zn|2 = 1}, we have:
Az = dµ(ψ
′
t)
dt
=
n∑
j=1
aj(xj
d
dyj
− yj d
dxj
) (z = dev(w), zj = xj + iyj).(4.7)
As η(A) = 1, we have
u(w) = dev∗η0(A) = η0(Az) =
n∑
j=1
aj · |zj|2.(4.8)
Since u > 0 from (4.6), we can assume that
0 < a1 ≤ · · · ≤ an.(4.9)
As dev−1 maps the pseudo-Hermitain structure (η, J) on W to (dev−1∗ η, J0) on S
2n−1, we
put
ηA = dev
−1∗η.(4.10)
Using (4.8), we obtain:
ηA =
1∑n
j=1 aj · |zj |2
· η0 on S2n−1.(4.11)
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When we note that η0 = u
′ ·ηA where u′ = u◦dev−1, and T (R×S2n−1) = { d
dt
,A}⊕Null η0,
denote the complex structure JA on R× S2n−1 by
JA
d
dt
= −A, JAA = d
dt
JA|Null η0 = J0.
(4.12)
(Compare §3.) Let Pr : R × S2n−1→S2n−1 be the canonical projection. In view of (3.5),
setting
ΩA = d(e
t · Pr∗ηA), ω˜A = 2e−t · ΩA,
g˜A(X, Y ) = ω˜A(JAX, Y ),
(4.13)
we obtain a l.c.K. structure (ΩA, JA) on R× S2n−1 endowed with the group
R× PSH(S2n−1, ηA, J0) of holomorphic homothetic transformations.
Proposition 4.1. There exists an equivariant holomorphic isometry between
(CH(R), M˜ ,Ω, J) and (R× PSH(S2n−1, ηA, J0),R× S2n−1,ΩA, JA).
Proof. Let G : M˜→R×S2n−1 be a diffeomorphism defined by G(ϕtw) = (t, dev(w)). Note
that Pr ◦ G = dev ◦π on M˜ . As every element of CH(R) is described as ϕs · q(α) from
Remark 2.1, define a homomorphism Ψ : CH(R)→R× PSH(S2n−1, ηA, J0) by setting
Ψ(ϕs · q(α)) = (s, µ(α)).
Recall that the action q(α)(ϕtw) = ϕtαw from (2.21). Then,
G(ϕs · q(α)(ϕtw)) = G(ϕs+t · αw) = (s+ t, dev(αw))
= (s+ t, µ(α) dev(w)) = (s, µ(α))(t, dev(w)) = Ψ(ϕs · q(α))G(ϕtw).
Hence, (Ψ, G) : (CH(R), M˜)→(R × PSH(S2n−1, ηA, J0),R × S2n−1) is equivariantly diffeo-
morphic. Next, since G∗t = t for the t-coordinate of R × S2n−1 and dev∗ ηA = η from
(4.10), it follows that:
G∗ΩA = G
∗d(et · Pr∗ηA) = d(eG∗t ·G∗Pr∗ηA) = d(et · π∗η) = Ω.(4.14)
By definition, G∗ξ =
d
dt
. Moreover, when x = ϕsw,
G(ψt(x)) = G(ϕsψtw) = G(ϕsiψ
′
tw) = (s, dev(ψ
′
tw)) = (s, µ(ψ
′
t) dev(w)).
Using (2.7) and (4.7),
G∗(−Jξx) = dGψt
dt
(x)|t=0 = AGx = −JA( d
dt
)Gx.
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Thus G∗(Jξ) = JAG∗ξ. As G
∗ΩA = Ω from (4.14), G maps {ξ, Jξ}⊥ onto { d
dt
,A}⊥.
Consider the commutative diagram:
({ξ, Jξ}⊥, J) π∗−−−→ (Null η, J)yG∗
ydev∗
({ d
dt
,A}⊥, JA) Pr∗−−−→ (Null η0, J0).
(4.15)
Here note that JA = J0 on Null ηA = Null η0. For X ∈ {ξ, Jξ}⊥,
Pr∗G∗J(X) = dev∗(Jπ∗X) = J0dev∗π∗(X) = JAPr∗G∗(X) = Pr∗JAG∗(X),
thus, G∗J(X) = JAG∗(X). Hence, G is (J, JA)-biholomorphic. Moreover, as
G∗ω˜A = G
∗(2e−tΩA) = 2e
−tΩ = Θ¯ and g¯(X, Y ) = Θ¯(JX, Y ), we obtain that G∗g˜A = g¯.
Therefore, (Ψ, G) induces a holomorphic isometry from (M, gˆ, J) onto
(R× S2n−1/Ψ(π1(M)), gˆA, JˆA).
4.3. The Hopf manifold R× S2n−1/Ψ(π1(M)). We prove that R× S2n−1/Ψ(π1(M)) is
a primary Hopf manifold MΛ for some Λ obtained in §3. Each element of π1(M) is of
the form γ = ϕs · q(α) for some s ∈ R where ν(γ) = α ∈ Q = ν(π1(M)). By definition
of Ψ, Ψ(γ) = (s, µ(α)). We show that Ψ(π1(M)) has no torsion element. For this, if
Ψ(γ) is of finite order (say, ℓ), then 1 = (0, 1) = Ψ(γℓ) = (ℓs, µ(αℓ)). Then, s = 0 so
that Ψ(γ) = (0, µ(α)). On the other hand, recall from (4.5) that µ(Q) ⊂ U(n − 1) up
to conjugacy, and so µ(Q) has a fixed point w0 ∈ S2n−1. Since Ψ(π1(M)) acts freely on
R × S2n−1, while Ψ(γ)(t, w0) = (t, µ(α)w0) = (t, w0), it follows that Ψ(γ) = 1. More-
over, if γ1 = ϕs1 · q(α1), γ2 = ϕs2 · q(α2), then Ψ([γ1, γ2]) = (0, µ([α1, α2]). By the
same reason, Ψ([π1(M), π1(M)]) = {1}. Hence, π1(M) is a finitely generated torsion-
free abelian group. If we recall from (2.24) that 1→Z→π1(M) ν−→ Q→1 is the central
group extension where Q is finite, then π1(M) itself is an infinite cyclic group. Since
Ψ(π1(M)) ⊂ R × PSH(S2n−1, ηA, J0) and the projection maps Ψ(π1(M)) onto µ(Q) in
PSH(S2n−1, ηA, J0), µ(Q) is a finite cyclic group. As PSH(S
2n−1, ηA, J0) has the maximal
torus T n (cf. (3.4)), we obtain that Ψ(π1(M)) ⊂ R × T n up to conjugacy. A generator
of Ψ(π1(M)) is described as (s, (c1, · · · , cn)) ∈ R × T n. Noting (4.9), let λj = e−ajscj
and Λ = (λ1, · · · , λn). By Theorem 3.1 and the remark below, R × S2n−1/Ψ(π1(M)) is a
primary Hopf manifold MΛ of type Λ. This finishes the proof of Theorem C in the Intro-
duction.
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